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Abstract 
In this paper, we present a new scheme to determining the impulse response function using the recursive relation in the 
Unbiased Finite Impulse Response (UFIR) filters. The theory of Discrete Orthogonal Polynomials (DOP) is considered 
here to modify the classical polynomials such as Shmaliy polynomials using the weighted norm and the probability 
density function (PDF), respectively. Beginning of the three-term recurrence relation and transforming the problem of the 
development of the impulse response function in the UFIR filter. Finally, we include two appendices within which 
we demonstrate the equivalence between the traditional method that uses a matrix process and the other that 
employs the recurrent form; in both cases we put n = 1, for an impulse response of the ramp gain in UFIR 
filter.  
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1. Introduction 
The family of UFIR filter is relatively new in application of signal and ultrasound image processing [5, 6]. 
Shmaliy in [5], development the Unbiased Finite Impulse Response (UFIR) filters to reducing the Time 
Interval Error (TIE) in signals of the Global Position System (GPS). Later, in [11, 12] he presented a new 
modification of the impulse response in the UFIR filters to considering that the size of step of process is very 
important to development three different processes: Filtering, p = 0, Prediction, p > 0, and Smoothing, p < 0. 
Moreover, the p-step UFIR filters perform well in the sense of Mean Square Error (MSE) compared with the 
classical FIR filters [12].  
 
By other hand, the discrete orthogonal polynomials [1] are a novel mathematical tool to representing the 
impulse response in recursive schemes. The moment function have been used as image analysis such as the 
Tchebichef moment shown in [2], the Krawtchouk moment used in [3], and the Hahn moment in [4]. In this 
paper, we present a general description of the orthogonality of the Shmaliy polynomials. These polynomials 
present the same characteristic that the classical polynomials used for image analysis, but with blind fitting of 
finite data. Based on the above back, in this paper, we deduced a new recursive relation to deduce the impulse 
response function of the UFIR filters. This new recurrent relation reduces the computational cost required to 
implement the UFIR filters, both signal and image processing. 
2. Unbiased FIR Filter 
The unbiased FIR filter estimate is provided used the discrete convolution such as follows 
( ) ( )tyNths nn ⊗= ,ˆ ,                                                                (1) 
where, hn(t, N) is the impulse response with order approximation n, the constant N is the averaging horizon of 
the samples and sn is the measurement signal. It has shown in [5] that s(t) an unbiasedly be estimated at t via 
y(t) by the convolution defined in (1). The UFIR filter of n-degree, n ∈[0, K – 1], with impulse response 
function hn(t, N) and monic polynomial is defines as follow  
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Existing from 0 to N – 1 and having the coefficient defined as 
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where, |D(N)| is the determinant and M(j+1)1(N) is the minor of the Hankel matrix Hn(N) ∈ℜ(n + 1)×(n + 1) , 
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the component of (4) can be determined using the Bernoulli polynomials Bn(x) as follows 
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To generalized (2) for signals and images, we substitute t with a discrete variable x to have a polynomial 
that exist from 0 to N – 1 with the following fundamentals properties 
• Unit area 
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Note that, so far, the following low-degree polynomials hn(x, N) were found and investigated [5, 6, 7], 
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In the Appendix A, verifies the approach procedure for ramp gain, n = 1. 
3. Orthogonality of UFIR functions  
By definition [5], a set of orthogonal polynomials is a special system of polynomials {Pm(x)}, m = 0, 1, 
2… that are orthogonal with respect to some weight function ρ(x) on an interval [a, b].  Given the n-degree 
polynomials functions hn(x, n) defined by (2)-(3) from 0 to N – 1 with the properties (6)-(8), a class of 
functions  {hn(x, N)} is orthogonal on x ∈[0, N – 1], satisfying  
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where, the subscripts k and n ∈[0, K – 1], δkn is Kronecker delta, dn2(N) is defined as the square of the 
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weighted norm of hn(x, N) and ρ(x, N) is the ramp probability density function defined, both functions are 
defines in [6] as follow 
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4. Recurrence Relation 
In mathematics, is known that any real orthogonal polynomials Pn(x) such as (2) satisfy the Favard’s 
theorem, [8, 9] that states a sequence of polynomials satisfying a suitable three-term recurrence relation as 
follow  
( ) ( ) ( ) ( )xPxPxPbxxP mmmmmmm 11 −+ ++=− ξγ   ,                                           (16) 
where bm, ξm ≠ 0 and ξm / bm – 1  >  0. For orthogonal polynomials of the UFIR filter, hn(x, N), in the relation 
(16), the subscripts of each term are changed to m = n – 1, becomes as 
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A second form to present the recurrent relation establishing in (17) and (18) in terms of (16) considered 
the representation monic polynomial defined in (2) is the follow [8, 9], 
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with the next coefficients, 
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To determine the coefficients aij(N) in (20)-(22), we used the Table 1 shown in [10]. The characteristic 
coefficients to recurrent relation of impulse response function of the UFIR filter are follows,   
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Finally, using these coefficients and introducing (19), we obtain the following recursive relationship for 
determining the impulse response of UFIR filter, 
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the above ratio, used an initial coditions the following 
( ) 0,1 =− Nxh  ,         and           ( ) N
Nxh 1,0 = .                                         (27) 
In the Appendix B verifies the approach procedure for ramp gain, n = 1.In Fig. 1 we shown several UFIR 
functions in the normalize time scale. 
 
Fig. 1. Several UFIR functions in the normalize time scale x/(N – 1): hn(x, N) 
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5. Conclusions 
The change of scheme to determine the impulse response function in the UFIR filters is very important due to 
computational complexity (not emply matrices) such as shown in Appendix A. This new recurrent relation 
reduces the computational cost required to implement the UFIR filter both signal and images processing. 
Finally, we have presented and analyzed a new class of a one-parameter family of discrete orthogonal 
polynomials establishing by the UFIR function derived by Shmaliy.    
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Appendix A.  
To determine the impulse response function of the UFIR filter with ramp gain, we put n = 1 in (4), then the 
coefficients matrix, D(N), are derived as follows 
( ) ⎟⎟⎠
⎞
⎜⎜⎝
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=
21
10
cc
cc
ND  ,                                                                       (A1) 
here, the coefficients are calculated with equation (5) based on recurrent relation of the Bernoulli polynomial 
introduced by [3], as following 
Nc =0  ,                                                                                         (A2) 
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( )( )112
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Then, the determinant of matrix D(N) was found replacing (A2)-(A4) into (A1), respectively,   
( )( ) ( )1
12
1det 22 −= NNND   ,                                                        (A5) 
moreover, the minor matrices are defined as M11(N) = c2 and M21(N) = –c1, respectively. Finally, the 1-degree 
polynomial gain can be deduced by (2) and generalized to discrete variable x, we obtain  
( ) ( ) ( )xNaNaxNh 11011 , +=  ,                                                       (A6) 
where, the coefficients are derived by inserting (A3)-(A5) into (A6). Having the coefficients 
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Appendix B.  
Here, to determine the impulse response function of the UFIR filter with ramp gain using the recursive 
relation defined in (26) with the initial condition establishing in (27) as follow 
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We can see that (B3) correspond to gain ramp defined in (10) and development in (A6)-(A7), respectively. 
On the other hand, when put to n = 2 and n = 3, we can easily find the impulse response function of UFIR filter 
that shown in (11) and (12), respectively. 
